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1. INTRODUCTION 
A best approximation (F) to a function (S) from a varisoivent family, as 
defined by Rice, is characterized by alternation off - F. We consider the 
space C[CE, b] of real valued continuous functions on an interval [a, 61, with 
the uniform norm. A best approximation to a function (f) from a family 
of generalized rational functions is also characterized by alternation criteria. 
However, only special cases of generalized rational ap~ro~i~nati~g families 
are varisolvent. 
We show that a family of generalized rational functions is varisolvent with 
respect to an extended definition of varisolvency introduced by Gillotte 
and McLaughlin. Some properties of families of generaked rational 
functions, in particular the alternation criteria, are then shown to follow 
from varisolvency. Further topics include a de La VallCe Poussin theorem, 
uniqueness results and approximation using a generalized weight function, 
for varisolvent families in the extended sense. 
In 161, Gillotte and McLaughlin prove that the generalized exponential 
family I?, (cf. [t2, pi 1111) is varisolvent in the extended sense. Thus, we 
note that with respect to Rice’s definition, IT, and a family of generalize 
rational functions are not varisolvent except in special cases. However: 
both families are varisolvent with respect o the extended definition. 
We shall use the following notation. For g E G[a: b], we define 
/ g ~1 = max,,[,,bl I g(x)l. Further, given a nonempty family of functions .F 
In C[a, b], we say that P E F is a best approximation to f~ C[a, b] from .F 
iflif-F 1 < ‘if- Cl1 for all C in .F. 
2. RESULTS ON V.~RISOLVENCV 
First, we present four definitions, which introduce the extended definition 
of varisolvency that appears in [6]. 
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DEFINITION 1. Let {1~}~=i be a sequence of closed intervals (n > 1). 
The sequence will be called an increasing sequence of closed intervals if 
for every x in Ii and every y in Ii,, (1 < i < n), x < y is valid. 
DEFINITION 2. Let FE C[a, b]. Then F is said to have n(n > 1) sign 
changes on [a, 61 if there exist points {xi}yL: , a < x1 < ... < x,+~ < b, 
such that F(xJ F(xi+,) < 0 for all i (1 < i < n). 
DEFINITION 3. Let F be a family of functions in C[a, b] and let FE 9. 
The ordered pair of integers (n, , nJ with yzl 3 0 and n2 3 1 is a degree 
of F with respect o 9 if the following conditions hold: 
1. Let E > 0 and u in { -1, l} be arbitrarily chosen. If n, = 1, there 
exists a GE% such that I/F - G 11 < E and Q(-l)(F(x) - G(x)) > 0 on 
[a, b]. If ~1~ > 1, if 6 is an arbitrary element of (0, l} and if {[ci , ~&FL:” 
is an arbitrary increasing sequence of closed intervals, where c1 = a and 
dn,+ = b, then there exists a G E 9 such that /I F - G I/ < E and 
u(-l)i(F(x) - G(x)) > 0 on [ci , di] for all i (1 < i < rz, - 8). 
2. If G E C[u, b] and F(x) - G(x) has n2 sign changes on [a, b], then G 
is not in .9. 
DEFINITION 4. Let 9 be a nonempty family of functions in C[a, b]. 
Then 9 will be called a varisolvent family if every FE 9 has a degree with 
respect o S. 
In [6] it is shown that Definition 4 is an extension of Rice’s definition 
of a varisolvent family, (Observe that part 2 of Definition 3 states that F 
has weak property 2 of degree n2 as defined by Dunham [5].) 
For later use we introduce the following modification of Definitions 3 
and 4. 
DEFINITION 3’. Let F be a family of functions in C[a, b] and let FE 9. 
Then (IQ ,lzJ will be a degree for F with respect o 9 if either: 
1. n, 2 0 and n2 > 1 are integers and Definition 3 holds, or 
2. n, > 0 is an integer, n2 = + co and part 1 of Definition 3 holds. 
DEFINITION 4’. Let 9 be a nonempty family of functions in C[a, b]. 
Then 9 will be called a varisolvent family if every FE 9 has a degree, 
according to Definition 3’, with respect o 9. 
We observe that in the case (nl , + co) is a degree for F E 9, only the integer 
n1 gives information about the relation of F to the rest of the family 9. We 
also note that all theorems in [6] concerning varisolvent families, with respect 
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to Definition 4, are valid with respect to Definition 4’. IJnless specified 
otherwise, a “varisolvent family” will refer to a family satisfying Definition 4’. 
We now present a number of new results about varisolvent families. 
LEMMA I. (de La VallCe Poussin). Let F be a varisolvent family, let 
FE F with degree (nl , n,), and let f E C[a, b]. If there exist k poirzts, 
a < X, < .“. < & < b, with k > n2 such that (f (xi) - F(xJ)(f (x?+~) - 
F(x~,~)) < 0 for all i (1 < i < k - 1) then it falloHs that 
&$ l!f - G II 3 min If(xi> - F(nJl. l<i<k 
Prooj Assume not. It is easy to show that there exists a G E .F such that 
F(X) - G(x) has nZ sign changes on [a, b]. Q.E.D. 
LEMMA 2. Let W(x, y) be a real valued function dejined on [a, b] x 
(-ccj,a) satisfying (a) W(x, y) is a strictly increasing function of y for every 
x in [a, b], and (b) W(x, y) is continuous on [a, b] x (-03, co). Let F be 
a varisolverzt family on [a, b]. Then %Q” = ( W(x, F(x)) / FE 9, x E [a, b]) 
is a varisolvent family on [a, b]. Further, ifF E F has a degree (11~ ) n,), then 
(n 1 , n2) is also a degree for W(x, F(x)). 
(Note that Lemma 2 is a generalization of a result given by Kaufman 
and Belford in [7].) 
Prooj ?Y is a nonempty family of functions in C[a, b]. We show that each 
W(x, F(x)) E ;lY has a degree. 
Let W(x, F(x)) be an arbitrary element of YT. Since FE 9, it has a degree 
(;Q , rzz) with respect o F. We show (IQ , nJ is a degree for W(x, F(x)) with 
respect o %^. 
Consider first nB . If n2 = +co, there is nothing to show. Thus, assume 
3 < rz, < CC and assume there exists W(x, G(x)) E 97 such that 
W(x, F(x)) - W(x, G(x)) has ~1~ sign changes on [a, b]. Hence, there exist 
points a < x1 < ... < x,%+~ < b with 
i Wxi > F(x^i)) - Wxi 2 GW>lW(xi+~ , Wi,,)) - Wxi+l, G&d)1 < 0, 
for all i (1 < i < nz). (11 
Recall that for any real number zi, sgn u = u/l ZI / if LL f 0 and sgn zk = 
if u = 0. We observe that assumption (a) guarantees that 
wW(x, F(x)) - W(x, GW)l = w@W - G$l, (2) 
for all x E [a, b] and any G E 9”. Applying (2) to (I), we obtain that 
[F(x:) - G(xi)][F(xi+,) - G(q+,)] < 0 for all i (1 < i < nz). This contra- 
dicts the fact that (n, , n2) is a degree for F. 
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Consider next n, . Let E > 0 and (T in { -1, l} be given, and let 
I = [min,,[,,,, F(x) - E, max,,[,,,] P(x) + ~1. Since W(x, y) is uniformly 
continuous on [a, b] x I, assumption (b) guarantees that an E* > 0 exists 
such that j z1 - z2 j < E* implies / W(x, ZJ - W(x, zZ)l < E for all x E [a, b] 
and all z1 , z2 in 1. Hence, for any G E F, 
IIF- GI/ < E* * II Wt., F> - Wt., G)ll < E. (3) 
Assume now that n, = 1. Since FE 9 has (~1~ , 2~) as a degree in 3, 
there exists a G E F with /IF - G Ij < E* and with u( -l)[F(x) - G(x)] > 0 
on [a, b]. Using (2) and (3), we obtain Ij W(., F) - W(., G)[/ < E and 
g(-l)[ W(x, F(x)) - W(x, G(x))] > 0 on [aa, b]. Thus, Definition 3’ is 
satisfied for ~1~ = 1. If n, > 1, a similar argument using (2) and (3) holds. 
Therefore, W(x, F(x)) has (n, , nz) as a degree with respect o -tY. Q.E.D. 
We give next results on the uniqueness of best approximation with respect 
to a varisolvent family. Recall that the generalized exponential family E, 
is varisolvent. In [2, p. 3151, Braess has presented a class of continuous 
functions, each having at least two best approximations from E, . Thus, 
best approximation in a varisolvent family is, in general, not unique. 
From the class of functions given by Braess, it is easy to choose one with 
two best approximations from E, , each best approximation having a degree 
(3,4). This fact led to the following conjecture. Let f~ C[a, b], let F be a 
varisolvent family, and define Fa = (G E 9 1 if (n, , nJ is a degree for G, 
then n, = O}. Assume F(x) E 9 is a best approximation to f with a degree 
(n, 2 n2) where n, = n2 . It was conjectured that F(x) is then the unique 
approximation to f from F - g0 . We show with two examples that this 
conjecture is false. First, we state the following characterization theorem 
for best approximations [6]. 
THEOREM 1. Let F be a varisolvent family on [a, b] and let f E C[a, b]. 
Assume FE F has a degree (n, , nJ with respect o 9. 
1. Vllf-Fll G IL-Gllf or all G in F, then either f(x) - F(x) is 
a constant function or f (x) - F(x) alternates n, times on [a, b]. 
2. Iff (x) - F(x) alternates n2 times on [a, b] then Ilf - PII < lif - G I/ 
for all G E 9. 
Recall that the definition of “alternates” is as follows. 
DEFINITION 5. Let e E C[a, b], e nonzero. Then e(x) is said to alternate 
n times (n 3 0) on [a, b] if there exist points a < x1 < ... < x,+~ < b 
such that I e(xi)j = ]I e II for all i (1 < i < n + 1) and e(x,) e(xi+l) < 0 
for all i (1 < i < y1 + 1). The points (xi}y$ are called an alternation set. 
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EXAMPLE 1. Let Pl be the polynomials of degree one or less, let 
IQ, b] = 10, k/2], and let R denote the real numbers. Define L E C[O, 5n/2] as 
L(x) = -(2/7T) x + 1, 0 < x < 42 
=Q 42 < x < 5n/2. 
It is easy to see that the family 9 = P, u {L(x) + r / r E 
where (2, 2) is a degree for FE 9 if FE P, and (1, 3) is a degree for FE P- 
if FE (L(x) T I / r E R). Note that F0 is empty, and thus, F - F0 = .F. 
Consider j(x) = sin x. Observe that the zero function, Q(x), in P, has 
degree (2, 2) in 9 and that f(x) - O(x) alternates twice on [a, 61. Thus, 
O(x) is a best approximation to f(x) from 9. However, P,(x) is also a best 
approximation to f(x) from 9. 
EXAMPLE 2. Let P3 be the polynomials of degree three or less and let 
[a, b] = f-1, 11. It has been shown in [6] that gI = {O(x) j O(x) is the 
zero function in P3) u (FE P, j for some x1 , x2 with - 1 < x1 < x2 < i, 
F(xJ F(x,) < O> is a varisolvent family with a degree (4,4) for each FE PI = 
It is easy to verify that 9 = flI u (2 / x j + Y j Y E > is a varisolvent family 
with a degree (4, 4) for FE F if F E FI and a degree (I, 5) for FE 9 if 
F(x) = 2 , x I $ I’ for some r E R. Note that F0 is empty, and thus, 
9 - F. z 9”. 
Consider f(x) = 1. The zero function from P, is a best approximation to 
f(x) from .F. But 2 / x 1 is also a best approximation to f(x) from g. 
In both examples, we have a best approximation O(x) E F with a degree 
( IQ , Q), n, = n, , which is nonunique in .9 - F0 . In example 1, f(x) - O(x) 
alternates, and in Example 2, f(x) - O(x) is a constant function. However, 
the following uniqueness result does hold. 
THEOREM 2. Let f E C[a, b] and let F(x) be a best approximation to j 
on [a, b] from a varisolvent family 9. Assume F has a degree (nl ) Mu) with 
111 = n, and that f(x) - F(x) alternates n, times. Then if G E 9 is a best 
approxi~aatio~~ to ffrom 9 with a degree (ml , mz), m, 3 1, then f(x) - G(x) 
rn~~t alterr?ate ml times. (In particular, f(x) - G(x) may not be a consfavlt 
function.) 
ProoJ We show that it is impossible for f(x) - G(x) to be a constant 
function. The theorem then follows from part 1 of Theorem 1. 
Assume f(x) - G(x) is a constant function, i.e., f(x) - G(x) = C on 
[a, b], C a real number. Since F is a best approximation to f and j(x) - F(x) 
alternates fzI > 1 times, we know C f 0. Assume C > 0. (A similar argu- 
ment holds if C < 0.). Note that 11 f - F 11 = C. 
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Case 1. m,=l 
By varisolvency, there exists a G, E F with j] G, - G [j < C and with 
G,(x) - G(x) > 0 on [a, b]. Hence, we have lIf - G, // < C. This contradicts 
the fact that G(x) is a best approximation to f(x). 
Observe that if G(x) has (1, m2) as a degree, where m, > 1, the previous 
argument holds. Cases 2 and 3 handle the situation that m, > 1, and that 
G(x) does not have (1, mz) as a degree. 
Case2. m,=2k+l;k>l 
Let A = {xi}~~~’ be a set of alternation points for f(x) - F(X). Define 
xi = mml~i~n,+l (xi E A I F(xJ = f(q) + C}. 
Subcase 2a. a < xj < b. By continuity, there exists an 01 > 0 such that 
01 < min{x, - a, b - xj} and such that for all x E If k (xj - 01, xj + 01), 
F(x) > f(x). Let ,8 = (2ol)/[(m, - 2) $ (m, - 2) $ l] > 0. Consider the 
following increasing sequence of closed intervals: [cl , dI] = [a, xj - a], 
k?nl > rl,J = [xj f 01, b] and 
[q ) L&l = [Xj - a + (2i - 3) p, xj - a + qi - 1) p1 
for all i (2 < i < m, - 1). The varisolvency of G(x) guarantees the existence 
of G, E 9 with 11 G, - G 11 < C/2 and (-l)(-l)i[G,(x) - G(x)] > 0, on 
[ci , &] for all i (1 < i < ml). Observe that G,(X) > G(x) on [a, b] - Ij 
and that F(x) > f(x) on Ij . Since A = {xi>:~F is an alternation set for 
f(x) - F(x), it follows that [G,(xi) - r;(x,)][G,(~,+~) - F(x~+,)] < 0 for all i 
(1 < i < 74. Thus, G,(x) -P(x) has n, = n2 sign changes on [a, b], a 
contradiction. 
Subcase 2b. xj = a. We modify the proof of Subcase 2a. By continuity, 
there exists an E > 0 such that 01 < b - a and such that for all x E Ij + 
[xj , xj + a), F(x) > f(x). Let ,8 = a/[(m, - 1) + (m, - 1)] > 0. Consider 
the following increasing sequence of closed intervals: 
[ci , di] = [xf + 2(i - 1) /I, xj + (2i - 1) p] (1 < i < m, - l), 
and [cm,, dmI] = [xj + 01, b]. The varisolvency of G(x) guarantees the 
existence of GI E F such that 
II G - G It < C/2 and (-l)(-l)i[G1(x) - G(x)] > 0 
on [ci , di] for all i (1 < i < ml). Observe that G,(x) > G(x) on [a, b] - Ij = 
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xj + 01, b] and that F(X) > f( x on Ij . Again since (xJ~L~” is an alternation ) 
set for f(x) - F(x): it follows that 
IG,(xi) - Ftxi>l[G,(xi+,> - Wi+dl < 0 for all i (1 < i < JY~). 
Hence, G,(X) - F(x) has n, = n2 sign changes on [~a, b], a ~o~t~adi~tio~. 
Subcase 2c. 3cj = 6. This is handled by a proof similar to Subcase 2b. 
Case 3. ml = 2k, k 3 2 
Ht is shown in (61 that if G E F ha.s a degree (m, j m,), then (ml - I, &9 
is also a degree with respect o F as long as 177~ is not zero or three. Hence, 
Case 3 reduces to Case 2. ED. 
3, GENERALIZED RATIONAL APPROXIMATION 
The definition of generalized rational functions given by Cheney in [4] 
is as follows. Let P and Q denote two finite-dimensional subspaces of C[a, b]. 
It is assumed that Q contains at least one function that is positive th.roughoat 
[CT, b]. The approximating family 
is called a family of generalized rational functions. Henceforth, R” will 
denote an aribtrary nonempty family of generalized rational functions. 
We give first Rice’s definition of varisolvency and then show R* is not, 
in general, varisolvent with respect o Rice’s definition. Recall that in special 
cases, for example in the case P is a family of rational polynomial functions, 
R* is varisolvent with respect o Rice’s definition, (cf. [IO, p. 781). 
DEFJNITION 6. Let F be a family of functions in C[a, b] and let FE 9. 
Then F is said to have the integer n 3 1 as a degree with respect to F if 
the following conditions hold: 
1. Let an arbitrary set of 11 distinct points {xJbl in [a, b] and let E > (a 
be given. Then there exists a 6(F, E, {xi)~J = 8 > 0 such that for any set of 
real numbers ( vijFZI with 1 yi - F(xi)l < 6 for al i (I < i < n), there 
exists a G c 9 with G(xi) = yi for all i (1 < i < n) and I! F -- G !j < E. 
2. If G is in F with G(q) = F(q) for all i (I < i < FZ), where (xJ~=~ 
is a set of it distinct points in [a, b], then F and G are identical. 
EFINITION 7. Let 9 be a nonempty family of functions in G[a, b]. 
Then P will be called a varisolvent (Rice) family if every FE S has a degree 
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with respect o 9. Example 3 shows that R* is not, in general, a varisolvent 
(Rice) family. 
EXAMPLE 3. Let [a, b] = [ -1, 11, let Q be the linear space of constant 
functions on [a, b] and let P be the linear span of x. Consider the generalized 
rational family R* = {~Wdx> IP EP, 4 E Q, &I > 0 on L-1, 111. We 
show it is impossible to assign a degree to the zero function, O(x), in R*. 
Assume R* is varisolvent (Rice) on [ -1, 11 and that O(x) has a degree 
n 3 1. Since r(x) = x E R* has one zero with O(x), this implies n 3 2. 
Consider 
f(x) = 1, -1 <x<o 
= -2x + 1, O<x<l. 
O(x) is a best approximation to f(x) from R*. However, f(x) - O(X) alter- 
nates only once. Since n 3 2, this contradicts the following characterization 
theorem (cf. [8, 111). 
THEOREM 3. Let 9 be a varisolvent (Rice) family, let f E C[a, b] and let 
FE S have degree n. Then F is a best approximation to f from 9 on [a, b] 
zr either 
1. j(x) - F(x) alternates n times on [a, b], or 
2. f(x) - F(x) is a constant function on [a, b]. 
We next proceed to the proof that a family of generalized rational functions 
is varisolvent in the extended sense of Gillotte and McLaughlin. The following 
notation is used. Let M be a finite-dimensional subspace of C[a, b]. Then 
6(M) = dimension of ii& 
y(M) = 1 + maximum number of variations in sign possessed by 
members of M, (y(M) = + co possible), 
4W = m@W) I H is a Haar subspace of A4). 
Recall that an n-dimensional subspace H of C[a, b] is an n-dimensional 
Haar subspace if each nonzero element of H has at most n - 1 distinct 
zeros in [a, b]. For a fixed element r(x) = p(x)/q(x) E R*, define 
P + rQ = {p(x) + r(x) q(x) I P E P, 4 E Q, x E [a, 611. 
Note that P + rQ is a linear subspace of C[a, b]. 
THEOREM 4. Let R* be a family of generalized rationalfimctions. Then R* 
is a varisolvent family where an element r E R” has a degree (n, , n2) with 
n, = v(P + rQ) andn, = y(P + rQ). 
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ProoJ Let Y(X) = p(x)/q(x) be an arbitrary element of R* and let 
nl = 7(P + IQ), n2 = y(P + r(2). Consider first I:~ = y(P + vQ). If 
n2 = -+ co, there is nothing to show. Thus, suppose Mu < +cc and assume 
there exists an rl(x) = pl(x)/q,(x) E R* such that rl(x) - r(x) has H, sign 
changes on [a, b]. Hence, there exists points 
such that 
Lf”&i) - mHrl(xi+l) - Gi+dl < 0, for all i (I < i < 1~~). 
Smce ql(x) > 0 on [a, b], we have 
for all i (I < i < n,). Thus, pi(x) - r(x) g,(x) has n2 = y(P + rQ) sign 
changes on [a, b]. But pi(x) - r(x) ql(x) = pi(x) + r(x)[-q,(x)] is an 
element of P + rQ. This contradicts the definition of y(P - rQ>. 
Consider next Mu = y(P + rQ). If n, = y(T f rQ) == 0, there is nothing 
to show. Thus, assume 12~ > 1. We use the following remark given in [6]. 
Suppose M is an n,-dimensional Haar subspace on [ok, b]. Let 6 be an arbitrary 
element of (0, i> with 6 < n, . Let {xJ~~~‘-” be a set of points with 
a = x1 < ‘.. < x, +1--s = b. Then there exists a h- E K with k(a) k(b) f 0 
such that (-l)i k(x) > 0 on (xi , xitl) for all i (1 < i < n1 - 8). 
Consider part 1 of Definition 3. Let E > 0 and u in (-1, i> be arbitrarily 
chosen. Let 6 be an aribitrary element of (0, l> with 6 < 12~ . Assume that 
([ci , &]}TL;” is an arbitrary increasing sequence of closed intervals with 
cl = a and dni+ = b. Define x1 = a, xi = (I/2)(dLm1 C c-;) for all i 
(2 < i < n, - 8) and x,~++~ = b. By the definition of 11~ = r&P + I+Q> 
and the previous remark, we know there exists a ftmction h- E P -L rQ, 
with k(a) k(b) f 0 such that (-17 k(x) > 0 on (xi ) xiii) for all i 
(I < i < n, - 8). Using the continuity of k(x) one can actually show that if 
c. - 8 > 1, (-1) k(x) > 0 on [x I 1 ) x,), (-p--6 k(x) > 0 on (xnl+ ) x,,-s-zj 
and if 12~ - 6 = 1, (-1) k(x) > 0 on [x1 , x2]. Since [cq , &] C [x1 1 x.& 
[ci ~ di] C (xi i xi+i) for all i (1 < i < 13~ - 8) and [cnlW5, d :c * ri-di 
CGZ-8 > x,~-~+J for n1 - 6 > 1 and [cl , dI] C [x1 , x2] for 11~ - 6 = I, we 
have (- l>i k(x) > 0 on [ci , dJ for all i (I < i < n1 - 8). 
Let b(x) = ok(x). Since 01 E P + vQ, cd(x) may be written as c@) = 
pi(x) + (p(x)/g(x)) ql(x) for some p1 E P and q1 E Q. This implies 
Consider 
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where Ed > 0, Ed to be chosen later, is sufficiently small so that 
q(x) + E1ql(x) > 0 on [a, b]. Since P and Q are subspaces and 
q(x) + E1ql(x) > 0 on [a, b], rl is in R*. Using (4), we obtain 
~(--lYix4 - rk41 = ~(-l>i[(~l~k(x>)/(4(x> + wdxN1 
= [4lW + %4w)1(--l)i 44 > 0, 
on [ci , di] for all i (1 < i < n, - 8). 
We note that II r - rl II = b--ze[a,bl (IWM q(x) + wlCd)I * l 1 . Since 
q(x) > 0 on [a, b], a short argument shows Ed can be chosen sufficiently 
small such that [/ r - rI I/ < E and q(x) + elql(x) > 0 on [a, b] hold simul- 
taneously. Hence, rl E R* has the required properties stated in Definition 3, 
part 1. Therefore, (n, , nz) with n, = q(P + rQ) and n2 = y(P + rQ) is 
a degree for r E R*. Q.E.D. 
LEMMA 3. Let R” be a family of generalized rational functions. Let 
r E R* have a degree (nl, n,), where n1 = 7(P + rQ) and n2 = y(P + rQ). 
If ?(P + rQ) 2 1, then r has (1, nz) as a degree with respect o R*. 
Proof. By definition, q(P + rQ) 3 1 means that P + rQ contains a Haar 
subspace of dimension greater than or equal to one. Recall that every Haar 
subspace of dimension n1 3 1 contains a function that is positive on [a, b] 
(cf. [l]). Thus, there exists a function k E P + rQ such that (-1) k(x) > 0 
on [a, b]. The proof is completed by employing the arguments that appear 
in the proof of Theorem 4. Q.E.D. 
Remark 1. Let F be in 9 where 9 is a varisolvent family. Assume F 
has (1, nz) as a degree and that F is a best approximation to f E C[a, b] 
from 9. It is easy to see that f(x) - F(x) may not be a nonzero constant 
function. Thus, Lemma 3 implies that if r is a best approximation tofE C[u, b] 
from R* and q(P + rQ) 3 l,f(x) - ( ) . r x is not a nonzero constant function. 
A number of results concerning a family of generalized rational functions 
now follow from the fact that such a family is varisolvent. We state first 
the characterization theorem for best approximations [4]. This theorem uses 
the following modified definition of alternation. 
DEFINITION 8. A function e E C[a, b] is said to alternate n 3 0 times on 
[a, b] if exist points a < x1 < 1.. < x 12+1 < b such that e(xJ = (-l>i h 
for all i (1 < i < n + 1) with j X I = Ij e I/. 
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THEOREM 5. Let R* be a family of generalized rational functions and 
let r E R*. If the error function e = f - r alternates at least y(P f rQ> times, 
then Y is a best approximation to f from R *. If r is n best ~pprQ~~~~ti~~ o f 
from R”, then e alternates at least rj(P $ rQ> times. 
We see from Theorem 4 and Remark 4 that Theorem 5 follows from the 
general characterization theorem for varisolvent families, i.e., Theorem 1. 
We note that in the situation r E R* is a best approximation and 
/zl = q(P + rQ) = 0, Theorem 5 allows the possibiiity that f(x) - r(x) is 
a nonzero constant function. Example 3 illustrates that this can occur. 
Recall that in Example 3, [a, b] = L-1, I], Q is the constant functions and 
P is the linear span of x. Each r E R* has (Q, 2) as a degree. observe that the 
zero function O(x), is a best approximation to f(x) ‘- 1 from Rx and that 
e(x) = f(x) - O(x) is a nonzero constant function. 
We mention next the de La VallCe Poussin theorem for generalized rational 
functions (cf. [4: p. 1631). 
THEQREM 6. Let R* be a family of generalized rational fumtions, let 
K E R* and let f E C[a, b]. Assume that f - r is alternately positive and negative 
at the points a < x1 < 1.. -=c xk < b with k > y(P + rQ). Then 
inf,l,Rx 1, f - r1 II 2 rnin,~,c, I f(xJ - r&J!. 
This result now follows from Lemma 1. 
Finally we mention Lemma 2. If R* is a family of generalized rational 
ftmctions, Lemma 2 implies that YZZ = { W(x, r(x)) / r E R*, x E [a, b]) is a 
varisolvent family. In particular, the characterization theorem (Theorem 1) 
for varisolvent families may be applied to the problem of approximating 
f E Gfa, b] by elements of W. A result of this type has been given by 
Moursund and Taylor. They use the following terminology. Assume that 
W(x, 4:) satisfies: (a) W(x, y) is continuous on [a, b] x (-co, oo), 
(b) sgn W(x, y) = sgn y for all x in [a, b] and (c) for each x, W(x, y) i.s 
strictly monotone increasing in y with limi,,,, / W(x, y)l = co. For fixed 
f E C[a, 61, f 6 R* and r E R, the weighted error curve W(x, j’(x) - r(x)) is 
said to alternate n > 0 times if there exist points a < x1 < I.. < x,+~ < b 
such that ! W(xi , f(q) - r(xi))l = (-l)i h, for all i (1 < i < n + I), 
where / h I = jj W(.,f - r)i/. The problem under consideration is: given 
SE C[a, h],,f+ R*, find r E R* such that /I W’(~, f - r)ll < infTleR* /IW(., f - rl)jj. 
Such an r is called a best approximation tof”with respect o the generalized 
weight function, W(x, y).” 
The following result appears in [9]- 
THEOREM 7. Let f E C[a, b], f 6 R* and let r E R*, where R* is a famiiy 
qf generalized rational functions. If W(x, f(x) - r(x)) alternates at ieast 
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y(P $ r(2) times, then r is a best approximation to f with respect to W(x, y). 
Ifr is a best approximation to f with respect to W(x, y) then W(x, f(x) - r(x)) 
alternates at least ?(P + rQ) times. 
Remark 2. For a given f E C[a, b] and a given family R*, it is easy to 
show “w; = ( W(x, f(x) - r(x))[ r E R*} is a varisolvent family. In particular, 
if r E R* has a degree (nl , n,), then (n, , nz) is also a degree for 
W(x,f(x) - r(x)). The proof that w1 is varisolvent follows the same reasoning 
that is used in the proof of Lemma 2. 
Remark 3. For a given f E C[a, b] and a given family R*, the following 
two problems are equivalent. 
Problem 1. Find a best approximation r E R* to f with respect to 
w(x> Y> .
Problem 2. Find a best approximation W(x, f(x) - r(x)) E ‘Y!& to the 
zero function on [a, b]. 
We observe that from Remarks 2 and 3, Theorem 7 follows from the general 
characterization theorem for varisolvent families, Theorem 1. 
Some results on generalized rational functions do not follow, however, 
from varisolvency. We mention the uniqueness theorem that appears in 
[3, p. 1041. 
THEOREM 8. Let R* be a family of generalized rational functions, let 
f E C[a, b], and let r E R* be a best approximation to j If P f rQ is a Haar 
subspace, then r is unique. 
Remark 4. Assume r E R”, with P + rQ a Haar subspace, is a best 
approximation to f. We show one cannot conclude that r is unique from the 
fact R* is a varisolvent family. Recall that r is a varisolvent function with 
a degree (n, ,7z2); n, = T(P + rQ), and n2 = y(P + rQ>. 
We use two facts given in [3]. Fact one is: y(P + rQ) 3 S(P + r(2) > 
q(P + rQ) holds for any r E R*, and fact two is: P + rQ is a Haar subspace 
if and only if 6(P + rQ) = q(P + rQ). 
Assume now that n1 = n2 . This implies that S(P + rQ) = q(P + rQ). 
Hence, P + rQ is a Haar subspace. Theorem 8 quarantees that r is unique. 
However, Examples 1 and 2 show that there exist varisolvent families with 
a best approximation, F(x), having a degree (n, , n,), n, = 71s) and yet 
F(x) is not unique. 
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